Abstract. In this paper, we define a generalized of clean of Krasner hyperrings for general hyperrings based on the notation of nilpotent elements of a general hyperring R, named nil clean hyperring. We examine characterization of this kind of hyperrings and finally, we obtain some relations of nil clean general hyperrings with other hyperrings.
Introduction
First time, the hyperstructure theory was introduced by Marty in [13] . Later many applications of this theory were obtained by some researchers (see [6, 7, 18] ).
Marty defined the notion of the hypergroups. Then several researchers have been endowed it, (for example see Mittas in [14] ).
The theory of hyperstructure has been widely reviewed [6, 7, 8] .
The hyperrings were introduced by Krasner in [11] . A Krasner hyperring is a nonempty set with respect to the addition. The hyperrings were studied by Nakassis [15] , Massouros [12] , and by Ameri and Norouzi [1, 2] and others.
Also, there exists the several types of hyperrings that was widely discussed in [8] . Following [8] a general hyperring is a general type of hyperrings that both of the addition and multiplication are hyperoperations.
Clean rings were difined as a subclass of exchange rings by Nicholson [16] . Following [16] , an elemnt x of a ring R is said to be clean provided that there exists an idempotent e ∈ R and a unit u ∈ R such that x = e + u, and R is clean if every element is clean. Later, many authors have have studied clean rings and generalized them (see [5, 9] ).
Following [9] , Alexande J. Diesl difined Nil clean rings as a generalization of clean rings. He called an element a of a ring R is nil clean if it can be written as a sum of an idempotent and a nilpotent, and R is nil clean ring if every element has such decomposition. In this paper, based on this definition of nil clean rings ( [9] ), we define nil clean hyperring and we study various properties of such rings.
Preliminaries
In this section, we recall some definitions concerning hyperrings theory that we used in this paper.
A canonical hypergroup [14] is a nonempty set H with an additive hyperoperation + : iii) There exists 0 ∈ H such that 0 + a = a + 0 = {a} for all a ∈ R; iv) For every a ∈ H, there exists a unique element a ′ ∈ H, such that 0 ∈ a + a ′ (we write −a instead of a ′ and we call it the opposite of a).
Definition 2.1. A multi valued system (R, +, ·) is said to be (1) general hyperring, if
a 2 ) (R, ·) is a semihypergroup; a 3 ) "·" is distributive with respect to "+", (2) Krasner hyperring, if
is a semigroup having zero as a bilaterally absorbing, i.e, for all a ∈ R we have 0 · a = a · 0 = 0;
In this paper we use of general hyperring.
A nonempty subset I of a hyperring R is a hyperideal, if a, b ∈ I implies a − b ⊆ I and for
A proper hyperideal M of R is called a maxial hyperideal, if the only hyperideals of R that contain M are M itself and R.
It is well known that, in a commutative hyperring R with a unit element, there exists a maximal hyperideal of R containing I, for every proper hyperideal I of R.
Recall, a nonzero hyperring R having a unique maximal hyperideal is called a local hyperring.
The intersection of all maximal hyperideals of R is called the Jacobson radical of R and denoted by J(R).
Moreover, for A, B ⊆ R and x ∈ R,
and A + x = A + {x}, x + B = {x} + B and also −A = {−a| a ∈ A}.
The following elementary facts in a hyperring follows from the axiom: −(−x) = x and
whenever R is commutative 
ii) good (or strong) homomorphism if in (i) equality holds.
iii) epimorphism if f is a surjective homomorphism and also if for every a 2 , b 2 ∈ R 2 the following holds:
it is a bijective good homomorphism.
Main results
Following [4] , Amozegar and Talebi defined the notation of clean for Krasner hyperrings, and investigated some properties such rings. Now, we generalize this definition with nilpotent element for general hyperring.
In this paper, by a hyperring R, we mean a general hyperring which is satisfied in the following conditions:
(1) there exists 0 ∈ R, such that 0 + x = {x} and
(2) for every x ∈ R there exists a unique x ′ ∈ R such that 0 ∈ x + x ′ (we write −x instead of x ′ and we call it the opposite of x); (3) z ∈ x + y implies that y ∈ −x + z and x ∈ z − y, that is (R, +) is revesible; (4) R is commutative with respect to both hyperoperations + and · ;
(5) R with the identity element 1, i.e, for every
Definition 3.1. Let (R, +, ·) be a hyperring. x ∈ R is said to be
(2) weak nilpotent, if 0 ∈ x n for some n > 0.
A hyperideal I of R is a (weak) nil hyperideal if each element of I is a (weak) nilpotent element.
A nonzero hyperideal I of hyperring R is nil normal hyperideal, if it is normal hyperideal and nil.
Definition 3.3. Let (R, +, ·) be a hyperring. The element x ∈ R is said to be
We denote the set of idempotent (weak idempotent), unit (weak unit) and nilpotent (weak
, respectively.
Lemma 3.4. Let R be a hyperring and r ∈ R. Then r ∈ J(R) if and only if
for every x ∈ R.
Proof. Suppose that r ∈ J(R) and 1 − rx U (R), for some x ∈ R. Let a ∈ 1 − rx U (R), then there exists a maximal hyperideal M of R such that a ∈ M . On the other hand, r ∈ M ,
Conversely, suppose 1 − rx ⊆ U (R) for every x ∈ R. Let M be a maximal hyperideal of R, we show that r ∈ M . Suppose r / ∈ M , then there exist m ∈ M and a ∈ R such that 1 ∈ ra + m by the maximality M . So m ∈ 1 − ra ⊆ U (R) a contradiction. Then for each maximal hyperideal M of R, r ∈ M and so r ∈ J(R).
Definition 3.5. Let R be a hyperring. An element x ∈ R is (weak) nil clean element if
the element x has a representation in the form x ∈ e + n where e ∈ Id(R) ( Id w (R) ) and
. Also, hyperring R is (weak) nil clean hyperring if every element has such representation. Since every nilpotent (idempotent) element is also weak nilpotent (weak idempotent), then every nil clean hyperring is a weak nil clean hyperring. But there exists weak nil clean hyperring that is not nil clean hyprring.
Example 3.7. Consider R = {0, 1} with the following hyper operations:
It is easy to verify that (R, ⊕, ⊙) is a weak nil clean hyperring but is not nil clean hyperring. Let I be a hyperideal of the hyperring (R, +, ·). The set R I = {x + I | x ∈ R} with respect to the following hyperoperations
for all x, y ∈ R, form the factor hyperring.
We usex to stand for x + I ∈ R I , for x ∈ R and hyperideal I of R. Proof. Let x + I ∈ R I , where x ∈ R. Then x ∈ e + b, where {e} = e 2 and {0} = b n for some n > 0, by hypothesis. Therefore, x + I ∈ (e + I) ⊕ (b + I), we show that e + I ∈ Id( R I ) and
Then e + I ∈ Id( R I ). On the other hand
Then the results follows.
Proposition 3.12. Let R be a hyperring and I a nil normal hyperideal of hyperring R. If R I is a (weak) nil clean hyperring, then R is a weak nil clean hyperring.
Proof. Suppose x ∈ R andx ∈ē +n where {ē} =ē 2 =ē ·ē and {0} =n k for some k > 0. By hyporthesis, we liftē to an idempotent e ∈ R. We havex ∈ē +n = {t + I | t ∈ e + n}, then there exists t ∈ e + n such that x + I = t + I. Since I is normal hyperideal, we have
x − e + I = t − e + I ⊆ e + n − e + I ⊆ n + I.
Therefore,
Then c + I is a nilpotent element in R I , so there exists n ∈ N such that {0} =c n , then
So, there exists a ∈ c n and i ∈ I such that i ∈ a + I. Then a ∈ i − I ⊆ I, therefore a ∈ I is a nilpotent element in R. So {0} = a ℓ ∈ (c n ) ℓ for some ℓ > 0, which implies c is a weak nilpotent element in R. On the other hand, c ∈ x − e, then x ∈ e + c. Hence R is a weak nil clean hyperring.
Any finite direct product of nil clean hyperring is nil clean hyperring. But there exists an infinite product of nil clean hyperrings that is not. 
Recall a hyperring R is (weak) Boolean when each element is an (weak) idempotent in R,
and hyperring R is reduced if it does not have any non-zero nilpotent element.
Corollary 3.14. Each (weak) Boolean hyperring is (weak) nil clean hyperring.

Corollary 3.15. Let R is a reduced hyperring, then R is nil clean hyperring if and only if R is Boolean hyperring.
Proof. Let a ∈ R, then a ∈ e + b for some e ∈ Id(R) and b ∈ Nil(R). Since R is reduced, then b = 0 and a ∈ e + 0 = {e}, therefore a = e and the result follows, the converse is clear. [2] .
Proposition 3.16. If b is a (weak) nilpotent element in a hyperring R, then the set 1 ± b is a weakly unit set
Recall a hyperring R is (weak) clean hyperring if for every element x ∈ R there exists
Proposition 3.17. If R is a (weak) nil clean hyperring, then R is a weak clean hyperring.
Proof. Let r ∈ R and a ∈ r − 1 ⊆ R. Therefore r ∈ a + 1, so there exist e ∈ Id(R) and b ∈ N (R) such that a ∈ e + b by hyporthesis. Thus we have
Therefore, there exists c ∈ b + 1 such that r ∈ e + c. Hence the result follows by Proposition
3.16
Example 3.18. There exists a weak clean hyperring that is not nil clean hyperring. Let R = {0, 1, 2} with the hyperoperation ⊕ and ⊙, the following,
R is a clean hyperring that is not nil clean hyperring. Because of the element 2 in R does not have any representation as nil clean element in R.
Proposition 3.19. If R is a hyperring, then every (weak) nilpotent element is contained in
J(R).
Proof. Let b ∈ R is a nilpotent element with the nilpotency index n. We have {0} = a n · {0} = a n · b n = (ab) n for every a ∈ R. So for all ℓ ∈ a · b we have {0} = ℓ n ans thus 1 − ℓ ⊆ U w (R)
by Proposition 3.16.
Proposition 3.20. If R is a (weak) nil clean hyperring, then J(R) is (weak) nil hyperideal of
R.
Proof. Let a ∈ J(R), then a ∈ e + b where {e} = e 2 and {0} = b n . Thus b ∈ a − e and we have
Therefore, there exists t ∈ J such that 0 ∈ t + e, then e ∈ 0 − t ⊆ J(R). So e = 0 and then a ∈ J(R) is a nilpotent element. Hence the result follows. Conversely, suppose x ∈ R, then x + J ∈ R J is an weak idempotent. Since J(R) is weak nil hyperideal, then there exists an idempotent e in R such that x + J = e + J, then x ∈ e + J and since J(R) is normal hyperideal, we have x − e ⊆ e + J − e ⊆ J. Therefore, we have
Then there exists r ∈ x − e is weak nilpotent and so x ∈ r + e. Hence R is weak nil clean hyperring.
Lemma 3.22. If R is a hyperring, then the following are equivalent:
(1) R has a unique maximal hyperideal;
(2) the set of non-invertible elements of R is closed under addition;
is a division hyperring.
Theorem 3.23. Let R is a hyperring with trivial idempotent, then the following are equivalent:
(1) R is nil clean hyperring;
(2) R is local hyperring with J(R) is nil hyperideal and R J(R)
is division hyperring.
Proof. Suppose t ∈ x · y, we have
Then for every a ∈ t · y −1 , a ∈ 0 + x, so
) .
Thus we have
Hence the result follows. Proof. Let n and u be nilpotent element and unite element, respectively, and also uu −1 = {1}.
Then u −1 n is a nilpotent element. Now we have
by Lemma 3.25. (1) a ∈ e + u, then ℓ(a) ⊆ R{e} where e ∈ Id(R) and u ∈ U (R). 
